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Abstract Let U be the quantized enveloping algebra and U its modified form. Lusztig gives some 
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Hall algebra, one can apply the BGP-reflection functors to the double Ringel-Hall algebra to obtain 
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1 Introduction 

Let U be the quantized enveloping algebra associated to a symmetrizable generalized Cartan 
matrix. Lusztig introduces some symmetries T» acting on an integrable U-module and then 
on the quantized enveloping algebra U ([J [2] [3]). Let U be the modified quantized enveloping 
algebra obtained from U by modifying the Cartan part U° to ©agpQ(^)1a- This algebra 
has same representations with U. Lusztig also introduces some symmetries Ti acting on the 
modified quantized enveloping algebra U ([3]). 

Let H* (A) be the Ringel-Hall algebra associated to a finite dimensional hereditary algebra 
A. Then the composition subalgebra C*(A) realizes the positive part U + of the quantized 
enveloping algebra by the Ringel-Green Theorem ([I] [5]). One can extend the Ringel-Green 
theorem to the Drinfeld double version and realize the whole U by the reduced Drinfeld double 
of the composition algebra ([!]). These work give a connection between the representation 
theory of finite dimensional hereditary algebras and quantized enveloping algebras. 

Via the Ringel-Hall algebra approach, one can apply the BGP-reflection functors to the 
quantum enveloping algebras U + and U to obtain Lusztig's symmetries and their properties 
in a conceptual way ([7] [8]). This method gives a precise construction of Lusztig's symmetries 
not only in the quantum enveloping algebras, also for the whole Drinfeld doubles of Ringel-Hall 
algebras ([3] [TO]). 

In this paper, we define a modified form H*(A) of the Ringel-Hall algebra H*(A). We apply 
the BGP-reflection functors to obtain Lusztig's symmetries on H*(A). Viewing the modified 
quantized enveloping algebra U as a subalgebra of H*(A), we get a precise construction of 
Lusztig's symmetries on U. From this construction, we can obtain important properties of 
Lusztig's symmetries, for instance, the braid relations. 

In Section 2, we first give the basic notation of quantized enveloping algebras and modified 
quantized enveloping algebras; then we recall the definition of Lusztig's symmetries on U and U. 
In Section 3, we recall the definition of the Ringel-Hall algebra W* (A) and define a modified form 
H*(A) of it. In Section 4, we recall the BGP-reflection functors and define the corresponding 
maps from %* q {A) to H*(<JiA) induced by them. We prove in Section 6 that these maps induce 
algebra isomorphisms from U to itself, which coincide to the Lusztig's symmetries on U and 
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satisfy the braid relations. In Section 5, we define Lusztig's symmetries on H*(A) and find 
the precise relation between these symmetries and the maps induced by the BGP-rcflection 
functors. 



2 Quantized enveloping algebras and their modified forms 
2.1 Quantized enveloping algebras 

Denote by Q the field of rational numbers and Z the ring of integers. Let / be a finite index 
set with |/| = n and A = {ciij)i } jei be a generalized Cartan matrix. Denote by r(A) the rank 
of A. Let P v be a free abelian group of rank 2n — r(A) with a Z-basis {hi\i £ 1} U {d s \s = 
1, ... ,n - r(A)} and f) = Q ® z P v be the Q-linear space spanned by P v . We call P v the 
dual weight lattice and f) the Cartan subalgebra. We also define the weight lattice to be 
P = {A e f)*|A(P v ) c Z}. 

Set Il v = {hi\i £ 1} and choose a linearly independent subset II = {ai\i £ 1} C f)* satisfying 
oij{hi) = dij and a>j(d s ) = or 1 for i,j £ I, s = 1, . . . ,n — rank^4. The elements of II are called 
simple roots, and the elements of II V are called simple coroots. The quintuple (^4, II, n v , P, P v ) 
is called a Cartan datum associated with the generalized Cartan matrix A. Let W be the Weyl 
group generated by simple reflections Sj for all i £ I. There exists a bilinear form (— , — ) on t)* 

(En]). 

Wc recall the definition of the quantized enveloping algebras. Assume that A = (aij)ij e j is 
a symmetrizable generalized Cartan matrix and D = diag(ei|i £ I) is its symmetrizing matrix. 
Fix an indeterminate v. For n £ Z, we set 

v n - v~ n 



v — V~ L 

and [0] v \ = I, [n] v \ = [n] v [n — l] v ■ ■ ■ [1]„ for n £ Z>o- For nonncgativc integers m > n > 0, the 
analogues of binomial coefficients are given by 



Then [n] v and [™] are elements of the field Q(v). 

The quantized enveloping algebra U associated with a Cartan datum (A, II, LT V , P, P v ) is an 

associative algebra over Q(v) with 1 generated by the elements Ei, P;(z £ I) and K^/j, £ P v ) 
subject to the following relations: 

K = 1, K^K^ = K^, for all /i, fj,' £ P v ; (2.1) 

KpEiK-n = v aiM Ei for alH £ I, fx £ P v ; (2.2) 

K^FiR-n = v- a ' M Ei for all i £ I, fjt £ P v ; (2.3) 



EiFj - FjEi = Sij Ki K J for all i,j £ I; (2.4) 

Vi - v„ 



for i ^ j, setting b = 1 — at 



for i j , setting 6 = 1 — a 



i j ■ 



^(-l) fc pf ) P J -Pf- fc) =0; (2.5) 

k=Q 
b 

J2(-l) k 4 k) FjF?- k) = 0. (2.6) 



k=0 

Here, K„ = U ieI K, iUihi for v = J2 te i v ^ v * = v "' and E ^ = E ?/l n Ul = F? /[n] Vi \ 
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Let U + (resp. U - ) be the subalgebra of U generated by the elements E 1 , (resp. Fi) for 
i £ I, and let U° be the subalgebra of U generated by for fi G P v . We know that the 
quantized enveloping algebra has the triangular decomposition 

u^tr ®u°(g>u + . 

Let f be the associative algebra defined by Lusztig in [3J, which is generated by 6>,(i G I) 
subject to the following relations 

b 

]T(-i)*0f ~ fe) = °- 

k=0 

where i ^ j, b = 1 — and 0^ = 6™ /[n] Vi \. There exist well-defined Q(u)-algebra monomor- 
phisms f — > U(x \-> x + ) and f — > U(x i-> a; - ) with image U + and U~ respectively satisfying 



2.2 Modified quantized enveloping algebras 

Let us recall the definition of the modified form U of U in [3J . 
If A', A" G P, we set 

a<u a „ = u/ ( ( K » - v x ' M )u + u ( A v - ^ A " (Al) ) 

Let 7Ta',a" : U — >\> U A " be the canonical projection and 

U= vUx». 

A',A"eP 

Consider the weight space decomposition U = (BpTJ((3), where (3 runs through II and 
U(/3) = {a; G UlA^a-A'- 1 = v^^x for all G P v }. The image of summands U(/3) under 
7Ta', A " form the weight space decomposition A <U A » = ®p\> Ua" (/?). Note that A <U A "(/3) = 
unless A' — A" = ft 

There is a natural associative Q(w)-algebra structure on U inherited from that of U. It is 
defined as follows: for any Ai, A'/, X' 2 , \% G P, ft, ft G ZJ such that Ai - A'/ = ft, A' 2 - A£ = ft 
and any x G U(ft),y G U(ft), 

, v , v / 7r AliA »(^) if Ai' = A^ 
k\'^\»{x)-k x > yi {y) = \ 2 . 

otherwise 

Let 1a = 7Ta,a(1)j where 1 is the unit element of U. Then they satisfy IaIa' = <5a,A'1a- In 
general, there is no unit element in the algebra U. However the family (Ia)ag-P can be regarded 
locally as the unit element in U. 

Note that V U A " = 1 A 'U1a»- We define U1 A = © VeP l A ,Ul A . Then U = © AgP Ul A . 

2.3 Lusztig's symmetries on U 

In [3J, Lusztig introduces some symmetries on U, which is now called Lusztig's symmetries. 
Fix i S 7. Define Ti : U — > U on the generators as follows: 
Ti(Ei) = -FiK^TiiFi) = -K-iEi] 

r+s=—ocj(hi) 

Tift) = ]T (-l) r <^ (r) ^^ (s) for j * i; 

r+s=—aj(hi) 
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Lusztig also introduces symmetries X) : U — > U induced by the symmetries on U. We write 
the following formulas: 

Ti(Eil x ) = -v7 X{lH) F t l StX ; 
TiiFilx) = -v^-^E^x; 

Ti(Ejlx) = Yl {-lyvrE^E^h^ for j ± i; 

r+s=— oij(hi) 

TiiFjlx) = J2 {-lYv^F^Kx for j ? i. 

r+s= — aj (hi) 

3 Ringel-Hall algebras and their modified form 
3.1 Ringel-Hall algebras 

In this subsection, we recall the definition of Ringel-Hall algebras, following the notations in 

PU, and 033 • 

Let k be a finite field and A be a finite dimensional hereditary fc-algebra. According to [T2] , 
we can identity A with the tensor algebra of a fc-species. A valued graph (r, d) is a finite set T 
together with nonnegative integers dij for all i, j £ T such that da = and there exist positive 
integers {£j}igr satisfying 

dijEj = djiEi for i,j £T. 

Given a Cartan datum (A, II, II V , P, F v ), there is a valued graph (r, d) corresponding to it. 

An orientation SI of a valued graph (T, d) is given by an order on each edge {i,j}, which is 
indicated by an arrow i—tj. We call Q = (T, d, SI) a valued quiver. 

We assume that Q = (T, d, SI) is connected and contains no cycles. Let S = (i^,, Mj)ij e r 
be a reduced fc-species of type Q, that is, for all i, j £ T, t Mj is an F,-F,-biniodule, where Fj and 
Fj are finite extensions of k in an algebraic closure and dhn( i Mj)p j = d^ and dim^(Fj) = £j. 
A fc-representation (Vi,j ipi) of S is given by vector spaces (V*)^ for any i £ T and F 3 -linear 
mapping jifi : V% ®i Mj —> Vj for any i — > j. Such a representation is called finite dimensional 
if X^ier dinifc V% < oo. We denote by rep-<S the category of finite dimensional representations 
of S over k. Let A be the tensor algebra of S. Then the category rep-5 is equivalent to the 
module category mod-A of finite dimensional modules over A. 

Given three modules L, M and N in mod-A, denote by g^ [N the number of A-submodulcs W 
of L such that W ~ N and L/W ~ N in mod-A. Let v = \f\k\ £ C, V be the set of isomorphism 
classes of finite dimensional (nilpotcnt) A-modules and ind(F) be the set of isomorphism classes 
of indecomposable finite dimensional (nilpotcnt) A- modules. The Ringel-Hall algebra H q (A) of 
A is by definition the Q(u)-space with basis {urj^i|[M] £ F} whose multiplication is given by 

U[M]U[ N ] = X! 9mn u [l]- 
[L]ev 

It is easily seen that T-L q {K) is associative Q(w)-algebra with unit it[ ], where denotes the zero 
module. 

For each representation V — (Vi,j ifi) in rep-5, the dimension vector of V is defined to be 
dim V = (dim Fi Vi) ie r £ N r . For V, W £ rcp-S, The Euler form is defined by 

( dim V. dim VT) = Eiaibi — d,, ,<i,h,. 

ier i->j 

where dim T^ = (a±, . . . , a n ) and dimVT = (b\, . . . ,b n ). It is well known that 
(dimV, dimHO = dim fe Hom A (F, W) - dim fe Ext A (V, W). 
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Further, the symmetric Euler form is defined as 

( dim V, dim WO = ( dim V, dim l^) + ( dim W, dim T^ ) . 

Both (— , — ) and (— , — ) are well defined on the Grothcndicck group G(A) of mod-A. In fact, 
the Grothcndicck group G(A) with the symmetric Euler form is a Cartan datum. 

Let / C V be the set of isomorphism classes of (nilpotent) simple A-modules, which can 
be identified with T. Then the Euler form and the symmetric Euler form are defined on 7LI. 
We also identify N r with N/ and regard dim V as an element in NJ for each representation 
V = {Vi,j ipi) in rep-iS. For each a 6 P, we fix a representation V a in the isomorphism class a. 
For a, (3 6 V, we set 

(a, /3) = ( dim V^, dim V^) 

and 

(a, f3) = ( dim V^, djm l/g). 

Note that for a, /3 € V, (a, /3) = ciidi, bicti), where dim V^ = J^aii and dim V^ = 

Y^, hi. Hence, we also use a to express the element aiOti in P and the element J2 i£l aihi 

in P v . 

The twisted Ringel-Hall algebra U*{K) is defined as follows. Set U* q {h) = H g (A) as Q(v)- 
vector space and define the multiplication by 

U[M] * U [N] = V** — — > 2^ 9mn u [l\- 

[L]eV 

The composition algebra C*(A) is a subalgcbra of "H*(A) generated by ui = it[g 4 ], i G /, where 
Si is the (nilpotent) simple module corresponding to i G /. For any A-module M , we denote 

(M) = w -dimA/+dimEnd A (A/) U[M ^ 

Note that {{M)\M E V) is a Q(u)-basis of H*(A). 

Then we consider the generic form of Ringel-Hall algebras. Let Q be a valued quiver and 
Afe the corresponding finite dimensional hereditary algebra of a fc-species which is of type Q. 
Denote by %*(Afc) the twisted Ringel-Hall algebra of A^. Let K, be a set of finite fields k such 
that the set {qk = \k\\k £ K,} is infinite and R be an integral domain containing Q and an 
element v qk such that v qk = qk for each k £ K. For each k £ 1C, wc consider the composition 
algebra C*(Afc) which is the i?-subalgebra of H*(Ak) generated by the elements Ui(k). Consider 
the direct product 

H*(Q) = J] H* q (A k ) 

feG/C 

and the elements v = (v qk ) keK: , v^ 1 = (v qk )keK and u % = (u ?; (fc)) fce /c- By C*(Q)a we denote 
the subalgebra of rl*{Q) generated by v, i> -1 and Ui over Q, where A = Q[v, v -1 ]. Wc may 
regard it as the .A-algebra generated by Ui where v is considered as an indeterminate. Finally, 
denote by C*(Q) = Q(v) <g) C*{Q)a the generic twisted composition algebra of type Q. 

Remark 3.1. If Q is a Dynkin quiver, then the generic composition algebra of Q can be defined 
directly using Hall polynomials. 

Then we have the following well-known result of Green and Ringel ([1][S]). 

Theorem 3.2. Let Q be a valued quiver, A be the associated generalized Cartan matrix, and f 
be the Lusztig's algebra of type A. Then the correspondence i— > 9i, i G I induces an algebra 
isomorphism from C*(Q) to f. 
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3.2 Double Ringel-Hall algebras 

Let A be a finite dimensional hereditary algebra. In [BJ, the reduced Drinfcld double T>(A) of 

A is defined. As an associative algebra, T>(A) is generated by (u a (+)), (u a (—))(a G V) and 
K^fj, G P v ) subject to the following relations ([8]): 

K = («o(+)> = («o(-)) = 1, K^Kyf = Kw, (3.1) 

<«a(+)>M+)> = E (3.2) 



(«a(-))(^H> = «- (/ '' a> Efla/ S <«A(-)); 

^(^(+))=^(^(+))^; 

E « <a '' W> + (a ' a) — 5^a^-a(«a'(-))^(K( + ))) 
a, a' £ A 7 

= £ «<-«+^2i^(« a (+)>r / i((«v(-)» 1 

at,p£P 

where a, /?, A, A' G "P, /i, /i' G P v and 

^((-a(+))) = E «<^ >+(a '^^ £ M+)>; 



(3.3) 

(3.4) 
(3.5) 



(3.6) 



"A 



r««UA(-)» = E ^ >+( ^^M-)> 

f^, a A 



,SeP 

From the definition of P(A), we have two algebra monomorphisms (+) : H*(A) —> T>{A) 
mapping (M(A)> to u A (+) and (-) : H*{A) -> X>(A) mapping (M(A)) to it A (-) for all A G T 5 . 

Consider the weight space decomposition 2?(A) = © | g'D(A)(/3), where j3 runs through ZJ 
and P(A)(/3) = {a; G X>(A)| AT^xAT^ 1 = b^Wx for all /it G P v }. 

Let D C (A) be the subalgebra of P(A) generated by (iti(±))(i G 7) and K^Qj, G P v ). In [BJ, 
the Green-Ringel Theorem 13.21 is extended to the Drinfeld double version and V c (A) realizes 
the corresponding quantum enveloping algebra U. 



3.3 Another definition of U and a similar form of W(A) 

In [3J, Lusztig gives another definition of U as follows. U can be viewed as the algebra generated 
by the symbols x + l^x'~ and x~l^x' + with x G i v ,x' G fy for various u, v' G NI and ( £ P; 
these symbols are subject to the following relations (|3.7[) to (|3.13|) : 

$ o) )+l c (<f )" = ((9f )-l c+aat+6aj (^ o) )+if i^j; 



) + i-c(«?r=E 



(6)s 



i( a )\+ 



E 



a + 6-C(/i 4 ) 
o + fc-C(/»i) 



(^)-l_ f+(o+b _ t)Qi (^- 4 V; 



,(a-t)N + 1 / fl (6-i)s + 



x + l^ = l^ +l ,x + , x If = l^- v x for i £ f„; 
{x + l c )(l c x'-) = S cc x + l c x'-, (x~l ( )(l c >x' + ) = S cx ,x-l c x' + ; 

(x + l c )(l c x' + ) = 6 u ,l c+ „(xx') + , 
(x~l()(l^x'~) = 6{£>l(;- v (xx')~for x G f„; 



(3.7) 
(3.8) 

(3.9) 

(3.10) 
(3.11) 

(3.12) 
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(rx + r'x') + l^ = rx + l^ + r'x' + l^, (rx + r'x')~l^ = rx~l^ + r'x'~\^ 
fori,i'ef„andr,r'eQ(n). (3.13) 
Let A: be a finite field and A a finite dimensional hereditary fc-algebra. For each v G NI, set 

H*(A)„ = span{u[ A/ ]|dimil/ = v}. 

Similarly, we can define Ti*(A) as follows. rl* q (A) is the algebra generated by the symbols 
x + l c x'~ and x'l^x^ with x G Ti* q (K) u ,x' G H q (A)„, for various v, v' G NI and (eP; these 
symbols are subject to the following relations (|3.14[) to (|3.18[) : 



a. a' ' £lT> 



V ^ Q '' Q > + ( Q ^) + ^- Q ^^: Q (-l) tra '« m ( a ')(Af(a'))"lc+c t 'K((M(A)))) + 

y u <a,/S>+(fl,«+(C,/3)£« 5 A (_l)*KA'-/3) w m(A'-fl{ M(o )) + 1 ( r/3 ((M(A')»)t3.14) 



= l^ + , y x + , ar — 1^ = lf_„a;~for a; G rl*(A) v ; (3.15) 

(x+ l c )(l C /x' _ ) = S cx ,x + l ( x'-, (x-1 c )(1 c .t'+) = <5 cc a;-l c a;' + ; (3.16) 
(x+l c )(l c ,x'+) = 6 u ,l c+v (xx')+, 

(x"l c )(l c x'-) = ^.clc-^CraO^for x G H*(A) V ; (3.17) 

(rx + r'x') + l^ = rx + \c, + r'x 1^, (rx + r'x')~l^ = rx~l^ + r'x'~l^ 

for x,x' € ft*(<9)„ and r,r' G Q(v). (3.18) 

Here oa is the order of the automorphism group of V\ for A G V, tra = ^2 i£l ai, m(a) = 

Y^iei a * £i if a — J2iei aiai ' and 

r Q «M(A)» = £ v*> a)+ U> a Vp a ^{M{f)))\ 
— a\ 
per 



* — * ^ n \ 



OA 

pev 

Similarly to the case of modified form of quantum group, we have the following direct sums 
decompositions 

u* q (A) = @{x+i c x'-\x,x' €H* q (A)} 

and 

= ®{x-l c x'+\x,x' G H*(A)}. 

Let C*(A) be the composition algebra, which is a subalgebra of Ti*(A) generated by ufl^uj 
and u^l^u'j for all i,j G I and ( G P. 

Similarly to the Ringcl-Hall algebra case we can consider the generic form of H*(A) and 
its generic composition subalgebra C*(Q), which is isomorphic to the corresponding modified 
quantum enveloping algebra U. If a formula in C*(A) is independent of the choice of the field, 
it can be viewed as a formula in C*(Q) ~ U. 



4 BGP-reflection functors and Lusztig's symmetries 

In this section we apply the BGP-reflection functors to the Ringcl-Hall algebras and obtain an 
alternative construction of Lusztig's symmetries on modified quantum enveloping algebras. 
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4.1 BGP-reflection functors 



Let Q = (r, d, 0) be a valued quiver, S = Mj)ij e r be a fc-species of type Q and p be a 
sink or source of (r, d, f2). We define a new orientation <7 p f2 of (T, d) by reversing the direction 
of arrows along all edges containing p and a p Q = (T, d, a p tt). Let a p S be the fc-species obtained 
from S by replacing r M s by its fc-dual for r — p or s = p. Then a p S is a reduced fc-species 
of type (j p Q. Assume A is the corresponding finite dimensional hereditary algebra to S. We 
denote by er^A the corresponding finite dimensional hereditary algebra to (JiS. 

Now, we recall the definition of the Bernstein-Gclfand-Ponomarcv (BGP) reflection functors 
of : rep-5 ~>rep-CT p 5 ([13] [12] 0). 

Let p be a sink of ft. For any V = (Vi,j(pi) <E rep-5, define a+V = W — (Wi,jVi) as 
follows. Let 

Wi = Vi fori^p, 



and W p be the kernel of 



V, 



p • 



that is, we have the following exact sequence of vector spaces 







Let 



and 



V3i for i ^ p, 



jV'p =j : Wp ®p Mj W}, 

where jS p corresponds to jK p under the natural isomorphism 

Kom F] (W p ® p Mj,Wj) ~ Rom Fp (W p , W, ®j M p ). 
For any morphism f = (fi) '■ V — > V in rep-5, define o£ f 

rji = hi for i ^= p 

and <?p : Wp — > be the restriction of ©j_,.p(/j®l), that is, we have the following commutative 
diagram 



r+ f — g = (<7i) as follows. Let 



0- 



(jKp) 



Up 



0- 



(pVj)j 



r' 



Similarly, if p is a source of 17, we can define a~ from rep-5 to rep-OpiS. 

For i 6 T, let rcp-5(i} be the full subcategory of rep-5 containing all representations which 
do not have Vi as a direct summand, where Vi is the simple representation with dim Vj = i. If 
z is a sink or source, then rep-<S(i) is closed under direct summands and extensions. If i is a 
sink (resp. source), then af : rep-<S(i) ~ rep-cr,5{i) (resp. af : rcp-S(i) ~ rep-<7iiS(i)) is an 
equivalence. 



4.2 Construction of Lusztig's symmetries 

Assume i is a sink of Q. We first define a map 7i from H*(A) to %*(<7jA). 

For A G V, assume that V\ = V\ a © tVQ and Va contains no direct summand isomorphic to 
Vi. Then Hom(VAo.^i) = and Ext(V 4 , Vx ) = 0. In this case 

{M{X))=v^4 ) {M{X Q }) 
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in "H*(A). We define a map % ■ H*(A) — > H*(aiA) given by 

7-((A/(A)) + l c (A/(A0)-) = (-l) p H^< (t \A/(a+Ao)) + l SsC u+ (t ' ) (A/( ( T+A^))- (4.1) 
where pi = t + 1' — X' Q (hi) and qi = —{ti, A ) - t 2 e l + tEi - (C, ta t ) + {X' , t'i) — (X' a ,i) + t' 2 e % - 
fei + (C,foi); 

^((A/(AO)-lc(M(A)) + ) = (-l) P2 ^ U4 +( *' ) (A/(a+A^))-l SsCM - (t) (A/(a+A )) + (4.2) 
where p 2 = t + t 1 — X' Q (hi) and q 2 = ^ 2 £i + tei + {Xq, ti) — (C, tai) — (t'i, X' ) — (X' , i) — t' 2 £ ?; — 
t'ei + iCt'ai). 

In fact, the definition of % is induced by the following formulas: 
7I((M(A)) + 1 C ) = (M(a+X))+l. tC 
7I((M(A))-1 C ) = {-l) x ^v-^(M{afX))-l Si< 
if V\ contains no direct summand isomorphic to Vi and 

Ti(uri ( ) = -t,«.«')-a* tt + lsiC . 

Note that, by the relation (|3 . 1 8[) in the definition of T-L*(A), we can define T% on all the 
generators of rl*(A). If we can prove that T% keeps the relations (|3.14p to (|3.17p . then Ti 
induces a map from H*(A) to H*(<JiA). This is the first main result of this section. 

Theorem 4.1. Leti be a sink. The formula J^.i[ ) and {4-2ty induces a Q(v)- algebra isomorphism 
Ti:n*(A)~H*(aiA) 

The proof of Theorem 14.11 will be given in the last section. 

Let i be a sink. For j G /, if i = j, we have Ti{uflc) G C*(o-jA) and %{u^1q) G C*(a t A) 
since ufl^ and w^l^ arc contained in C*(<7jA). If i ^ j, we have 7i( w j If) = (M{crf (j))) + l Si( ^. 
Note that V^t-^ is an exceptional object in rep-er^iS. Hence (M(af(j))) G C*(crjA). Hence 
77(u^l^) G C*(ctjA). Similarly we have T(u~l^) G C*(ctjA). Hence 71 induces an Q(u)-algebra 
homomorphism from C*(A) to C*(<7iA). Note the formula (|4.1j) and (|4.2p are independent of 
the choice of the field. We can consider them as formulas in C*(Q) and C*(<7jQ). Since both 
C*(Q) and C*(o-iQ) are isomorphic to U, Ti induces a endomorphism on U, if we identify C*(Q) 
and C*{(JiQ) with L>. 

Assume i is a source. For A G V, assume that V\ = V\ © tVi and V\ contains no direct 
summand isomorphic to V. Then Hom(K;, V\ ) = and Ext(Vx , Vi) = 0. In this case 

(M(X))=v^(M(X ))u\ t) 
in H*(A). We define a map T{ : 7i*(A) ->■ W q (a l A) given by 

7; / ((M(A)) + lc(M(A0)-) = (-ir^MM(^+Ao)} + < (t) l SjC (M(cr+A^)}- U + (i ' ) 
where = t—t' — X' (hi) and (ft = (ti, A) +tei + (£, toj) — (Aq, i) — t'ei — t' 2 Si — (C, t'a-i) — (X' 07 t'i); 

T:((M(X'))-l c (M(X)) + ) = (-irv^^M(a+X' ))-ut (n 
where p 2 — t-t' - X' Q (hi) and q 2 = -t 2 ei+te l + (C,ta l )-(XQ,ti)-(X' ,i)-t'ei-(C,t'a i ) + (t'i,X'). 
By a similar way, we can prove that T{ induces a Q(u)-algebra homomorphism from U to 

U. 

Now assume i is a sink of Q. Then i is a source of CiQ. We can easily check that 717"' = 1 
and TIT = 1. Hence 71 is a Q(w)-algebra isomorphism with 77 as its inverse. 
Hence, we have the following theorem. 



Theorem 4.2. Let i be a sink. The formula J^.i[ ) and induces a Q(v)-algebra isomorphism 
7^:U~U. 
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Then wc will prove that % coincides with Ti. 

Proposition 4.3 (8\). Let j E I and n = a,ij. 
(1) If i is a sink, then in H* (A) we have 



\t -t (t) (n—t) 



(M(A))=^(-1)\: 
t=o 

where A £ V is the unique isomorphism class of indecomposable representation with the dimen- 
sion vector j + ni. 

(2) If i is a source, then in H*(A) we have 

(M(\)) =£(-1)^^%^ 

where A £ V is the unique isomorphism class of indecomposable representation with the dimen- 
sion vector j + ni. 

Since i is a sink in Q, i is a source in o~iQ, and V a +^ is a unique indecomposable module 



in rep-er^iS with dimension vector j + ni where n — aij . Thus by the Proposition 14.31 

n 

(M(a+(j))> + W = B-1)V^W 
t=o 

Hence 

n 

7I(u/l c ) =2(-l)V«. +Cw '' ) «K C * ) ^C =Ti(ufW. 
t=o 

Similarly we can check T% = Ti on other generators. 
Hence, we have the following theorem. 

Theorem 4.4. If i is a sink, then the isomorphism % : U — > U coincides with Ti. 
4.3 Braid group relations 

Let A = (aij)ij£i be a symmctrizable generalized Cartan matrix. If d(i,j) = a^aji < 3, then 



the order m(i,j) of SiSj is finite ([II]). In fact, 


we have 




' 2 


if d(i,j) = 




3 


if d(*,j) = l 


m(i,j) = < 


4 


if d(i,j) = 2 




6 


if d(i, j) = 3 



, oo if d(i,j) > 4. 

The braid group of type A is defined by the generators and relations 

for i ^ j with m(i,j) < +oo factors on both sides, where m(i,j) is the order of SiSj in W, that 
is, 

KiKj = KjKi if m(i,j) = 2: 

txii^tvj tx/'i — t\ j t\i t\i j if TTti^t ^ - — 3 j 
fv^hxij fc<ifc j — HC j fc<i fa j Kj^ if TTTi {^t ^ J^j — 4 . 

AC 2 txi^txij txij, f^/j H>i — KjKj r f\ijt\ij i t\ijKij i f < ij if TTli^l, f J^j — ■ 6 . ^4.3^ 

Let A be a finite dimensional hereditary algebra, and A be the corresponding generalized 
Cartan matrix. In [5], the Lusztig's symmetries on V C (A) are constructed as follows. 
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Theorem 4.5. Let i be a sink. For all X £ V and /i g P v , we write V\ ~ V\ © £Vi where V\ 
contain no direct summand isomorphic to Vi. Then the map % is defined as follows: 

77«u A (+))) = v^K u { Ui (-))U{ U<7tXo (+)); (4.4) 

77«u A (-)» = W ^' ti >^_ 4i (u i (+))«( MAo (-)); (4.5) 

77^) = ^), (4.6) 

induces a Q(v)-algebra isomorphism: T> C {A) ~ 2? c (er,;A). 

In [5], the following theorem is proved. 

Theorem 4.6. For arty i ^ j £ / suc/i t/iat m = m(i,j) < +oo, 71 and 7} satisfy braid group 
relations \4-Sty of type A as maps on T> C {A). 

Let A be a finite dimensional hereditary algebra. Similarly to the the relation between U 
and U, We consider the relation between T-L*(A) and V (A). For any £ S P, we have a surjective 
linear mapping 

ir c :V(A) -> H* g (A)l c 
(««(+))(«,,(-)>#„ ^ (-l) tr ^v m ^+^(M(a))+{M(p)-)l c 
where /5 = X)<ei ir (^) = Sie/ ^ an( ^ m (/?) = X^e/ The kernel of 7r ? is 

]T 2?(A)(Jf„ -««")). 

For any (, £' £ P, f3 £ ZI and any x £ £>(A), y £ V(A)(f3), 

' n c ,(xy) if C = C + P 
otherwise 
Our main result in this subsection is the following. 



TT C { X )TT C (y) = 



Theorem 4.7. Let A be a finite dimensional hereditary algebra, and A be the corresponding 
generalized Cartan matrix. For any i j £ L such that m = m(i,j) < +oo ; 71 and Tj satisfy 
braid group relations J^. Sty of type A as maps on C* (A) . 

Proof For all A £ V and fi £ P v , wc write V\ ~ V\ © tVi where V\ contain no direct 
summand isomorphic to V*. We need to check that for any £ £ P 

Ks i dti((u x (+))))=T i (ird(M+)m (4-7) 

Ks i dti((ux(-)))) = T i (<irc((ux(-)))); (4.8) 

7r SiC (77(^))=7I(7r c (^)). (4.9) 

First 

n Si dfi((ux(+)))) = *s,dv {X ' U) KtM-)f\u atXo (+))) 

= « <A - t?;> + K+A °- tMl) ^c((^(-)) (t) (VAo( + ))^) 

= v <A,^> + K + Ao- t M J ) + ( Sl C,t Ql )(_l)t w ™^) w -(*)( M ( CT + Ao )) + lsiC 

= (-i)*«-< H ' A °>-* 2 ^+^-«^) u rW(M( -+Ao)) + i SiC 

= %((M(cr+X )) + l C ) 

= TifrdiM+m- 

Hence we have formula (|4.7j) . Similarly, we can get formula (|4.8|) and (|4.9|) . Then Theorem 14.61 
implies this theorem. □ 
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5 Lusztig's symmetries on the modified form of Ringel- 
Hall algebras 

5.1 The structure of Ringel-Hall algebras 

First we recall the structure of the Ringel-Hall algebra considered in [14] and [9] . 
We consider a bilinear form ip : W* (A) x H* (A) as 

^(<M(/3)),<A/(/3'))) = ^<W 
ap 

for 0, P' G V. 

Let Oo(A) = C*(A). We can define m (A) and L 7Tm (A) inductively. For m > 1, assume 
O rn _i(A) has been constructed. Let n m G Z7 have smallest trace such that O m _i(A),r TO ^ 
Hg(A) Wm . Then L„ m (A) is defined as follow: 

L Wm (A) := {x G W*(A) 7rm |^(a:,?) m _i(A) 7rm ) = 0}. 

We define m (A) as the subalgebra of H*(A) generated by 5 TO _i(A) and L 7Tm (A). Hence there 
is a chain of subalgebras of %* q (A) 

(A) c Di(A) c . . . d m (A) c . . . c H* q (A). 
For m > f, let r] m = dimL„- m . There exists a bases {cc( m p )|l < p < r/ m } of i 7rm and 
nonzero numbers X(m,p) G 1 < P < ?7m such that 

Set Xj = Mi and J = {(m,p)|m > 1,1 < p < r/m}. The elements in the set {xj|j G I U J} 
generate the Ringel-Hall algebra H*(A). 

Let = —v^Ui for all i G I and yj = Xj x j f° r au i G J- By [T3] and [5], the double 
Ringel-Hall algebra 2?(A) is generated by the elements J/»(— ), « G I U J and if^, /i £ P v 

subject to the following relations: 

K = 1, K^K^i = K^, for all M , // G P v ; (5.1) 
K uXi {+)K_^ = v s ' M Xi(+) for all i G / U J, fx E P v ; (5.2) 

K^yii-)^ = v- Si ^ yi (-) for all i G I U J, // G P v ; (5.3) 

A\. - K. 



Xi(+)yj(~) - Vj(-)xt(+) = %— zr^ for a11 *>J e IU J; (5.4) 

v« - V: 



for i E I, j E I U J and i 7^ j, setting 6=1 — ay, 

b 

J2(-l) k x i (+)^x j (+)x i (+)( b -^ = 0, (5.5) 

k=0 

and 

b 

^(-l) fc y 4 (-) (fc) %(-)^(-) (b - fc) = 0; (5.6) 

fc=0 

for any i,j G I U J with (<Jj, <5j) = 0, 

.t,(+)^(+) = ajj(+)xi(+), Vi(-)Vj{-) = yj(-)Vi(-)- (5-7) 

Here, <5j = at for i E I, Sj = n m for j = (m,p) E J and ay = 2 • 

Note that A = (aij)ijeiuj is a Borchcrds-Cartan matrix. We can define a modified quantized 
enveloping algebra TJ(A) of the generalized Kac-Moody algebra associated to A. U(A) is 
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generated by the elements Eil{,Fil{ for all i G I U J and ( G P subject to the following 
relations: 

l c l c , = S cc l c for all C, C £ P\ (5.8) 

Eilc = L - = lc-fc-FJ for alH G JU J, C G P; (5.9) 



(Eil^KFjlc) - (Fjlc+sMEklc) = g tf (-l)* r, ^- m ^) t,(CA "Jf'^ for all iJelUJ; 

Vi - v- 

(5.10) 



for i £ I, j 6 I U J and i 7^ j, setting 6 = 1 — ay, 

£(-l) fe (£f ) l c+(6 _ fc)5i+ ^)(^l c+(6 _ fe)5i )(E| 6 -^l c ) = 0, (5.11) 



fc=0 

and 



£(-l) fc (^*h c _ (6 _ fc) ^_,J(^l c _ (6 _ fc)Jj )( J Fl (6 -* ) l c ) = 0; (5.12) 



fc=0 



for any i,j € IU J with (<5,, <5j ) = 0, 

(^lc+^-X^lc) = (^l c+5i )(^l c ), (^lc^O^lc) = (i^-lc-^J^lc), (5.13) 

where 



1 fc 



1 



Since there exists a map 7T£ : T>(A) — » ?i*(A)l^ for any ( £ P. the algebra 'Hq(A) is 
generated by the elements a^lf, 2/ t r lf for all i G I U J and ( & P subject to the relations f|5.8f) 
to (|5.13[) . Hence, we have an isomorphism 1 : 7t£*(A) ~ fJ(A) mapping xfl^ (resp. y~lf) to 
Eil c (resp. Fil^). 

There is an operator r on H*(A) defined as follows: 
r(M(A)) = (-1)*™ W - T («) 



\ m>l 7re7',Ai,...,A m eP\{0} 

a \i...a\ m n \ „Ai,...,A* 



where A H*(A) a ,a = J2i k i a * e N W> tra = Si and r(a) = ((a, a)- £\ i))/2. 
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5.2 Lusztig's symmetries on the modified form of the Ringel-Hall al- 
gebras 

Wc first recall the definition of Lusztig's symmetries of T>(A) defined in [9]. For all i € I, define 
Ti : V(A) — s> V (A) on generators as follows 

fi{ Xi {+)) = -yi(-)Ki,fi(yi(-)) = -k-iXi(+); 

Ti(xj(+)) = Yl (-l)V r ^(+) (s) ^(+)^(+) (r) for i^jelUJ; 

r+s=-Ojj 

Ti(yj(-)) = £ (-i) r <y i (-) (r) %(-)2/ l (-) (s) for ^je/UJ; 

r+s= — aij 

fiiKJ = K^ atip)h Jov (i e P y . 
Under the maps 

7rf:2?(A)-»-7i;(A)l C) 

Lusztig's symmetries Ti of T>(A) induce Lusztig's symmetries Ti : H*(A) — > H*(A). From the 
formulas above, we get 





-- -v\ c{h ' } y-i Sl c for C e P; 




tytrw = 


■■ -V^ 2 ~ C(hi)) xfl Si( for (eP; 






- Yl (-i) r vr4 (3) 4 x t (r Kt for 






r+s=-aij 






: (-lY^y^y-y^h^ for, 

r+s— — a^j 




trSi v m(5i) y . 


for all i e / U J. Note that 7r ? (yj(-)) = 





We define 

i>f(x ± l c ,x' ± l ( ) = il>(x,x') 

for every £ G P. Let TL*(A)(i) be the subspace of "H*(A) spanned by the elements in the set 

{(M(a)}\a £V,V a e rc V -S(i)} 
and 5 m (A)(i) = TO (A) D H* q {A){i). 

Proposition 5.1. Let i E I be a sink. For all /i G P and all x,x' £ H*(A)(i)^, we have 
Proof In [TU], it is proved that 

= ^(f i (x) ± l Sif ,T i (^) ± l Si f) 

= ^(ar),*}^)) 
= ip(x,x') 

□ 



From the definition of ipf(— , 
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5.3 Relation between the Lusztig's symmetries and the BGP-reflection 
functors 

In this subsection, we consider the relation between the Lusztig's symmetries and the BGP- 
reflection functors. The method is similar to these in [TU] . 

Proposition 5.2. Let i £ / be a sink. For each x,x' £ H*(A)(i), we have 
ipf^lcx'^lz) = TpfjTiix^), 77(2^1^)). 

Proof Let Vp, Vp> £ rep-Q(i). Then 

< c (7I((M(^))+l c ),7I((M(/30) + lc)) 
= ^+ c «M(<r+/3))+l SiCl (M(<r+S')> + W) 
= i>((M(at0)),(M(<xtP')) 

- ^ 

= ^((M(/3)),(M(/3')) 

Hence we have 



Vv + (<M(/3)> + l c ,<M(/3')) + l< 



</> c + (x + l c ,x'+l c ) = V+ c (7-(x+1 SiC ),7;(x' + 1 SiC )). 
Similarly we can prove that 



□ 



Theorem 5.3. Let i £ I be a sink. Then for each m > 1, T{T i 1 induces bijective maps from 
L 7rm (A) ± l c to L^io-iA)*^. 

Proof We first prove the theorem for L+ m (A)l^. By the definition we have 

(A)O = 0}. 

By [TU] , we have L„ m (A) c T -H* (A) (i) 

(A)<i)=E 

(A)(z)xf and^(x, T O m _i(A)(i 
for x £ T U*{A){i)i where T H* q {A){i) := T {U* q {A){i)) and T 5 m (A)(i) := r(5 m (A)(i>). Then we 
have 

L„ m (A) = {.t £ r ^(A)( l ) 7r „JVXa ; , T c) m _ 1 (A)(i) 7rm ) = 0}. 
We have the following isomorphisms 

T « m _i(A)(i>+ m lt ^H>5 m _i(A)(i)+, m l aiC ^ m _i(o^A)(i)+ m l c . 

The first isomorphism is showed in [pj. For the second one, we have proved that % is an 
isomorphism in Theorem 14. II Hence we just need to show 

7J(MA)<i)+ m l c ) c 0m(^+A)<i)+ Tm l aiC . 

By [5], we know 

m (^A)(i) Si7rro = U*(a+A){i) SiVm . 

Hence we have 

Ti(l> m (A){i)t m W C W(<rtA)(i>+ l SiC = O m (a+A)( l ) + , m l SiC . 
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Take any x G L 7Tm (A). Then if>(x, T X) m -i(A)(i) 7Tm ) = 0. By Proposition 15.11 and Proposition 
15.21 we have 

= V(z, T fl m _i(A)<i> ff J 

= ^(7ir i - 1 (x + l c ),7IT i - 1 r«m-i(A)<i>+ m lc)) 

Hence TITr^x+lf) G i 7rm (A)+l c . Conversely, ^Tr^z+lf ) G i 7rm (A)+l c implies x+l c G 
i 7rm (A)+l^. Hence TT~ X induces bijective maps from (A)l^ to L+ (erjA)lf. 

Similarly, we can prove that TT^ 1 induces bijective maps from L~ (A)lf to L~ (<7iA)l_£. 

□ 

As in Scction l5.ll by choosing the basis {x( miP )|l < p < r] m } of L 7rjii for all to, we get a set 
of generators G = {xfl(,y71c\i G I U J, ( G P v } of ?i*(A) and 7t£*(A) is generated by these 
elements subject to the relations (|5.8[) to ()5.13|) . If i G 7 is a sink, the theorem above implies 
that the image of G under TTf 1 becomes a set of generators of 7i*(eriA) subject to the same 
relations. Hence, we also have an isomorphism d : 7t£|(<7,A) ~ U(-A) mapping TTT (xfl^) 
(resp. TiT~ 1 (y~l^)) to Eil^ (resp. i^lf). Under the isomorphisms i and i' , the maps T and 
Tj induce maps on U(j4), which are also denoted by 71 and T respectively. Then we have the 
following theorem. 

Theorem 5.4. Let i G J fee a smfc TTien i/ie isomorphisms T and T, coincide as maps from 
U(I) to U(A). 

Proof Under the isomorphisms t and if, we get a map TT~ l from U(A) to U(-A). Note that 
TT~ X sends the generators -Ejlf and i^l^ to themselves. Hence %T~ l is the identical map on 
U(i). So % and T 4 coincide. □ 

5.4 Braid group relations 

In [10j . the following theorem is proved. 

Theorem 5.5. For any i ^ j £ I such that to = m(i,j) < +oo, 71 and Tj satisfy braid group 
relations °f tyP e A as maps on T>{A). 

Similarly to the case in Section 14.31 we have the following theorem. 

Theorem 5.6. Let A be a finite dimensional hereditary algebra, and A be the corresponding 
generalized Cartan matrix. For any i ^ j G L such that to = m(i,j) < +oo, Ti and Tj satisfy 
braid group relations {l^.Sfy of type A as maps on XJ(A). 

6 The proof of Theorem 14.11 

Let i be a sink and we follow the method used in [5]. 

From the definition of T, we have the following proposition. 

Proposition 6.1. For any A, A' G V, we have 

TiWM) + W = 7J(1 c+ a(M(A)) + ),7I((M(A))-1 c ) = 7I(1 C -a(M(A))-); (6.1) 

77(<M(A)>+1 C )7KV<M(A')>-) = 6 u ,Ti((M(\))+lc(M(\'))-) 

T((M(X)ri ( )T(l c (M(X')) + ) = S c , c ,Ti((M(X))-l c (M(X')) + ). (6.2) 
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For the proof of other relations, we first give some lemmas. 

Lemma 6.2. For any A £ V and m € N, we have 

T t (ut {m h c )%(l c {M(X)) + ) = 7K* c ,c'lc+«(«i m) <M(A)))+) 
Proof We write V\ = V\ © tVi as above, then 
7-(l c+mttl ( U | m) (Af(A)))+) 
- v^^T l {\ c+ma An { [ n) u[ t) {M(\ a )))+) 
s + t 
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(6.3) 



,<A ,t»> 



<A ,*i> 



1)1 

S + t 

m 



(-1) 



s + i 
m 



-n(l c+mQl ( Ul (m+t) (M(A )}) + ) 
t;-< A »'^ i >7;(lc + n.« 4 (« (Ao ' ( ' n+t)i> «i ,n+1) (M(Ao)))- 
^l SiC _„ MiM 7 (m+t) (A/( ( 7+Ao)) + , 



where 



While 



= (A , ti) - (A , (m + t)i) + (A , (m + 

(f + m) 2 Ei + te% + mei — (C + mon, (t + m)a.i) 
= (Ao, ti) + (t + m) 2 Ei + tEi + mei — (C, (t + m)a ?; ) — 2m(t + m)e ? ; 
= (A , ti) — m 2 e l + i 2 e. t + te ?; + mei - (C, (t + m)aj). 

7-K +M l c )7;(l c (A/(A)) + ) 
= (-l) m «'' 1 l SiC _ mQi u- (m) (-l) t ^< (t) (A/(a+Ao)) + 



= (-1) 



s + t 

m 



„ri+r 2 - 



l Si( _ mai u^ m+t) (M(a+X Q ))+, 



where n = ~m 2 Si + me^ — (£, maj) and r2 = (Ao, ti) + i 2 £i + fe, — (£, ta^). Clearly, r\+r2 = r. 
Hence we have formula (16.31) in Lemma T6. 2 1 □ 



Lemma 6.3. For any A G P, we have 

-(«r<Af(A))+ - <M(A))+ U r)lc 



+ _ „(C+A-on,-<**)/.' 



and 



-(«^(ri((M(A)»)+-i; 



-«M(A))-«+-«+(M(A))-)l c 



>(r<((M(A)») + )l< 



■(« 



(C-A+a«,ai)^„/ 



(rK(M(A))))--«^)(r,((M(A))))-)l 



(6.4) 



(6.5) 



Proof Recall the relation (13.141) 

£ ^,a>+(a,a)+(( 1 -«)^j_ 1) W ^a^ M( ^ ) - 1(+o((j / ({M(A)>) j + 



a, a' 



ay 



= W < a ^ + ^'« + ^^^^(-l) tr(y - W « m(A '- W (M(a))+l c _ a (^((M(A'))))- 



in the definition of 7i*(A). Let A' = i in the above relation. We can get formula (|6.4p . Similarly, 
let A = i and A' = A. We get formula □ 
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Lemma 6.4. For any (3 £ V and m £ N, we have 

7K<M(/?)}+l c )7K W (m) ) = W))*4 m) ) + )- (6.6) 

Proof From the definition of 71, we only need to prove 

7K W)> + l c )7KW (m) ) = W)K< m) ) + ). 



By Lemma [6.21 it suffices to prove the lemma for the case Vp does not contain Vi as a direct 
summand. So we assume that Vi is not a direct summand of Vp. 



First we have ([5]) 



a^P®% 



Therefore 



%(l c+ p((M((3)) Ul ) + ) 
= v^r t (l c+ pu+m(M(f3)) + l C - ai ) 
+v~^ J2 9%%(U+p{M{a)) + ) 

a^P®i 

= - u (i.«^i V -(c+fl.«o ttr<M(o .+ j8)) + la4CC _ a0 

+^ < ^ > E ^i(M(a t + a ))+l Si(c _ a0 . 

a^P®i 

In the computation above, we use the fact that if g% ^ and V a ^ Vp © Vi, then V a contains 
no direct summand isomorphic to Vi. On the other hand, 

7-((Af(/3)) + l c )7-(l f u+) 

Thus, to prove 

7J«MC8))+l c )7;(lc«^) - Ti(l c+ p((M(/3))ui) + ), 

we only need to prove 

-v 26 'v-^{M(a+(3)) + l StC u- 
= -v^v^ v -«+^) u ;(M(a+(3)) + l MC _ ai) 
+v~ m E 9^i(M(ata)) + l Si{c _ ai) . 

a^P®i 

It is sufficient to prove that 

(M{afp)) + url ad( -_ ai) - ur(M{atP)) + l Si{c _ ai) 
= - v -<*,f» v -** v «,°*) V g%(M(ata)) + l St{c _ a& 



In rcp-5, Vi is a simple injectivc and V a + ^ £ rcp-er^iS, so g a ' cr + a = for all V 1 £ rcp-<x;tS. By 
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Lemma 16.31 we have 

(A/(a+/3))+uri Sl(C -a ! ) - uT<M(^ J 8)>+l^ cc _ at) 
= ^(«(«K-°«).aO( r .((M( -+ i 8))))+ 

-««"«- t ")+.^-a 4 ,aO (r / (<M(o .+ J 8) ) )) + ) lBt(c _ a0 

= ^( u -K.«0+2 £i(r . ((M(cr + /3))))+ 

-««'«')+W.a«)( r ' i ((M( O -+ J 8))))+)l at(c _ a0 
= -l««.«0+(fta.)+e 1 ( r /((M( O -+^))))+l a4(f _ a4) 

1 fCa^+QW+ei \- ^»° i ,.(i,<7+a>+fi, < r.+ a)-^^ /fl.f,Vr+, 



cr+/3 



a 



»i(C-«*) 



,(C,a,)-2 £l -( 4 ,/3> 



Y,9%{M{ata)) + l Si{C _ ai) . 



In the computation, we use the following formula 

<^ = — 



for i G J be a sink and V a , Vp G iep-S(i). 

Then by induction, we get the formula (|6.6j) . □ 

Proposition 6.5. For a, (3 G V , we have 

Ti((M(a))+l c )Ti(l c (M(P))+) = Ti(S c , c l c+ol ((M(a))(M(P))) + )- (6-7) 



Proof By Lemma 16.21 and Lemma 16. 4| we can assume that V a and Vp do not contain V, 
as a direct summand. In (15) . Ringel points that induces an Q(u)-algebra isomorphism 
from H*(A)(i) to H*(<7iA)(i) mapping (M(a)) to (M(a+a)}, where H* (A) (i) is the subalgebra 
generated by (M(a)) with V a G rep-S(i). Hence we prove formula (|6.7p . □ 
Similarly, we have 

Proposition 6.6. For a, (3 E V, we have 

7K(M(a))-l c )7Kl<' W)>-) = Ti(6 u ,l c+a ({M(a))(M(P)})-). (6.8) 

Then the most difficult defining relation (|3.18|) should be verified, that is, for an element 
y G H*(A), which can be writen as 

y= E X+1 C X '~ 

and 

y = E x ~ 1 c x ' + ^ 

we should verify that 

E Ti(* + V~)= E ri^-ic^). 
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Proposition 6.7. For any A, A' e V, we have 

£ v^' a > + ^ + ^- a ^g^ a (-l) tra 'v m ^Ti ((M(a'))-l c+a ,(r' a ((M(\)))) + ) = 

a, a' £ p 

£ u («.W+(^«+(^«^ 5 ^(-l)*'-(V-« u m(V-« 7 , ( (M (a)) + l c _ a (^((M(A')}))-) • (6.9) 

Proof By Proposition 16.51 and Proposition 16.61 we may assume that V\ and V\> contain no 
direct summand isomorphic to Vi . Then V a and V a ' also contain no direct summand isomorphic 
to Vi. 
Let 

L= « <Q '^ >+( ^ Q)+(C ^ Q) — 5^L(-l) trQ '« m(Q ' ) (M(a'))-lc +Q 'K((A/(A))))+; 

Qt,(X'<Ef J 

and 

i? = £ V < Q '« + (^«+^'«^^ /3 (-l) t '-( V -«z; m ( V -«(A/(a)}+l c _ Q (^((A/(A'))))-. 
First consider L. We have 

L = 1 C V ,(V,a)+((,-o) + ( a ,A) + (a^ Vaa^ g V ag A ^ 1) W 1)m ( a ') (J . f(a ^- (M(;3 ) )) + 

a,<£*=7> ayax 
= 1 C £ A 1 B 1 (M(a'))-(M(m + 

where Ai = r (A',a>+(C,-a)+<a,A>+(a,fl/ „-»(«') and A = n ° ,a ° ag o^„o^ fl . 

Now assume Vg = © il/; , where Vpi contains no direct summand isomorphic to Vi . Then 
we have (M(/3)} = '^uf (M ' {$')). 



Then 



%{L) 

= l SiC £ ArBrTi{{M{a'))-l c+al {M{p))) + ) 

= l si y ^ lBl ^_iy-a'(h i ) v t 2 e i +te i + {P' ,U)-(C+a' , ta t )-(a',i) 

(M(ata'))-u; {t) {M(atf3'))) + 
= l SiC y A lJ B 1 A 2 (MK + a'))-< (t) (M(a+/3'))) + 

where A 2 = (— l) t - a '( h *V ae i+ fe «+<0'> ti >-(f+ o '< ta«)-(«'. 0. 

Since z is a source of c^Q and V Q ' contains no direct summand isomorphic to Vi, (M(o~^~a' © ti)) = 
v {ti,«')(M{afa'))uf. 

Hence we have 

r t (L) = l StC y A 1 B 1 A 2 A 3 (M(ata' ® U))~ (M(a+ (3'))) + 

a,a' ,f3'eV,t 

where A3 = v~^ u,a \ 

Then we compute B\ . 



If i is a sink and V a ,Vp contain no direct summand isomorphic to Vi, then g x 



S 7 9Zu9^p- If * is a source and V a ,Vp contain no direct summand isomorphic to Vi, then 
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Since V a and Vpi contain no direct summand isomorphic to Vi, we have 

9af3 = 2^, 9ati9~fP' ■ 
7 

Note that (0) 



Then 



a a ,a a ap v , 

~ " 9 a 'a9al3 

a\>a\ 



E q ,2(u,fi') a a 'a a ap'au y 7 A 
^TTTTT g a'a9 a u9 7 /3' 
U A' U A 

7 



We may assume V^y contains no direct summand isomorphic to V{. Hence we have 

a a 9 1 =«73 t ; CT+7 - 



Then 



Bl ~ ^ V ay ax ^'«V+7 5 ^' 

7 

j'\ aj a.' <rj"f aj p' 11 <jT A 



2(ti,ff') J » fj p' n a • a aJ 

7 ^"i ^"i 



V 2(ti,g')..2(g',ti) V a'Sti VtV fl' <r,+ A' a+a a+A 

7 ^"i ^"i 

a a+a>S)ti a a+y a a+l3> cr+A' a+ a cr+A 

4 n , n , ^cr+a'cr+cAicr+ 7 ^cr+ 7 cr+,3' 

7 a <T+A'"(j+A * * * ' * ' * y 

E A y a'®U a <?fi a cT+P' cr+A' cr+A 

7 j i 

where A 4 = V *(W) V 2(<*' ,ti) _ 

Then we compute ^4 = A1A2A3A4. 
A = A 1 A 2 A 3 A 4 

— u (A',a) + (C,-a)+(a,A> + (a,)9)/_ 1 \W l; m(a') 

^_ 1 ^t-Q'(fii) 1J t 2 £ i +t£, + (0',ti)-(C+Q',ta I )-(Q',i) 

v -(ti,<x') 

v 2(ti,0') v 2(a',ti) 

= f-l\H<r+( a '))+t v (i - Q -t Q + <^ + (AO^ + (7)> + (^ + (7)^ + (A)> + (c,+ ( 7 ), C r+(^'))+™(^ + ("'))+t£ 
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Let jUi = cr.j + 7, fJ-2 = c< and /i3 = cr+a:' © ii. Hence we have 
Ti(L) = l SiC ]T (-1) 

gM 5 g^ g ^ + V g ^A (M(M3)) - <M ^ ))) + 

= i Si( Yl (- l ) tr ^ r 

a ~+A' a <x+A 



■(M3) z; (siC,-A'l) + (A'l+Ai3,A'l> + <Ml,A'l+M2) + (A'l,A'2) 



w E (-!)* 



'"A'3 ?; m(A'3) 1 ,(siC,-A'l) + <A'3,Ml) + (Ml,A'l) 



^g°i x ; i (M(» 3 ))-(r' fll ((M(af\)))) + . 



Similarly we have 



77(#) = i SiC E (- 1 



I tr(s; A' -^i 5 ) ^mfsiA' -/j 5 ) u (s i C,P5) + (A'4, Ms } + Os, /is) 



□ 



^5^^(M4)) + (r M5 ((A/K + A'))))-. 

a a+A 

By the first relation (|3.14[) in the definition of H*(A), we have %{L) = %(R). 
Then Proposition [Q | I6T5 1 RT6l and l6Jl imply Theorem O 
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